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FUNDAMENTAL THEOREM OF CALCULUS
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The Fundamental Theorem
of Calculus
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The statements of Fundamental theorem of Calculus are as followed:

a) If ‘f" iscontinuous on an interval 1, then f has an anti derivativeon I. In particular, if aisany number in I, then the function F
defined by

X d o f(t)dt = f(x)

F(x) = % f(t)dt isan anti derivative of f on[; that is, F'(x) =f(x) for each x in |, or in an aternative notation E
b) Let f be continuous function defined on the [a, b] and F be an anti-derivative of f, then
b b
a? f(x) dx = [F(X)]a
= F(b) - F(a

Explanation

We will show first that F(x) is defined at each x intheinterval |. If x>aand x isin theinterval |, then by the theorem if afunction
f is continuous on an interval [a, b], then f isintegrable on [a, b] can be applied to the interval [a, X] and the continuity of f on |
ensure that F(x) is defined; and if x isin theinterval | and x?a, then the above theorem ensures that F(x) is defined. Thus, F(x) is

defined for all x inl.
Next we will show that F (x) = f(x) for each x in theinterval I. If x isnot an endpoint of |, then it follows from the definition of a
derivative that

Fi(x) = lim F{w) - F(x)

W—X W — X

=&m | 1 [(Ddt - f" f(tﬁsik]ﬁ

. T Y
= lim [ 1 [of" f(t)dt + «J2 f(t)dt] )
W— X~ W — X .

= lim (1 J@f(t) dt
W—XIW-— X

Applying the Mean Value Theorem for Integrals of K" f(t)dt, we obtain
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1 JofOde= 1 [fE*). (w-x)] = f(t%)

W —X W- X

Wheret* is some number between x and w. Becauset* isbetween x and w, it followsthat t* x asw  x. Thusf(t*) f(x) asw
X, sincef is assumed continuous at x. Therefore, it follows from the above two equations that
F'(x) = lim 1 W) dt| = lim f{t*) = f(x)

W—X | W-X W—xX

If x isan endpoint of theinterval |, then the two sided limits in the proof must be replaced by the appropriate one sided limits, but
otherwise the arguments are identical.

In other words, the formula states that
If adefinite integral has avariable upper limit of integration, a constant lower limit of integration, and a continuous integrand, then
the derivative of theintegral with respect to its upper limit is equal to the integrand evaluated at the upper limit.

Problems based on Fundamental Theorem of Calculus

1) Find d [ljx t3 dt]
dx
Solution: The integrand is a continuous function, so

d |:1j>< £ dt:|= s

dx

Alternatively, evaluating the integral and then differentiating yields
1 [* 63 dt = [t9/4]%=

gy

4 4
d/dx [(x4/4) - 1] = x3

So the two methé)ds2 for differentiating the integral agree.

2) Evauate2? x dx

Solution: ?x dx = x /3=F(x) so therefore by the second fundamental theorem we get
I=F [3]-F[2]

=27-8
§ §
=19
3
3) Evaluate2? (Ux)dx
Sol utign: We have 2(1/x)dx = log[x| + C
So, 27 (U/x)dx = [log|x|]2

=log3-log2
=log 3/2

Differentiation and Integration are | nver se Processes

The two parts of the Fundamental Theorem of Calculus, when taken together, tell usthat differentiation and integration are inverse
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processes in the sense that each undoes the effect of the other.
a2 ' (t)dt = f(x) —f(a) which tells us that if the value of f(a) is known, then the function f can be recovered from its derivative f’
by integrating. Conversely part 2 of the Fundamental Theorem of Calculus states that

d/dx [a?*f(t)dt] = f(x) which tells us that the function f can be recovered from itsintegral by differentiating. Thus,
differentiation and integration can be viewed as inverse processes.

Now try it yourself! Should you still need any help,click here to schedule live online session with e Tutor!
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