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TAYLOR SERIES
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If ‘f* has derivatives of all orders at xg, then we call the series
Zflkl(xa) (x-Xa)* = f(xo)+F'(Xa)(X-Xa)+f"(Xa)(X-X0)?>+...nvcn.. +)(xg) (x-Xp ) +.....

k! 2! k!

The Taylor seriesfor ‘f’ about x=xo.
In the special case where xg=0, this series becomes

ZfI(0)xk = F(O)+f(0)x+f"(0)x2+......... +FUI0)xK + .,

k! 2! k!

which is caled as the Maclaurin series of ‘f'.

Note that the nth Maclaurin and Taylor polynomials are the nth partial sums for the corresponding Maclaurin and Taylor series.
Example: Find the Maclaurin series for 1/(1-x)

Solution: We know that the nth Maclaurin polynomial for 1/(1-x) is
pn(X) = ?x = 1+x+x2+ ......... +X (n=0,1,2............. )

Thus, the Maclaurin series for 1/(1-x) is

X = 1+x+x2+x +..... Xt

Example: Find the Taylor seriesfor 1/x about x=1

Sol utlon We know that the nth Te%/Ior polynom|al for 1/x about x=1is
-1 (x Dk=1-(x-1)+(x- 1) -(x-1) " +....+(-1) (x 1)

Thus the Taylor seriesfor 1/x about x=1is
A-L)K(x-1)k=1-(x-1)+(x-1)2-(x-1)3+.......+DK-DK+..........

Power Seriesin X

Maclaurin and Taylor series differ from the series that we have discussed above that their terms are not merely constants, but
instead involve avariable. These are examples of power series which is defined as
If co, c1,¢C2, ....... Are constants and x is a variable then a series of the form
2 k . L
2ckxk= co+Ccix+c2X +........... FCKX Foriiiiiie e iscalled a power seriesin x
Here are some examples
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i) Zxk=1+x +x2 + X3+ .
i) Ixk=1+x+x2+ x3+ x%+ ..

k! 21 304

) Z(-1)kx2k = 1 - x2 + x4 - x5+ ...

(2k)! 20 40 Bl
Indeed every Maclaurin seriesis a power seriesin X.

Radius and interval of convergence

If anumerical valueis substituted for x in a power series ?ckxk, then the resulting series of numbers may either converge or
diverge. Thisleads to the problem of determining the set of x-values for which a given power series converges; thisis called its

convergence set.
For any a power seriesin x, exactly one of the following istrue:
a) The series converges only for x=0

b) The series converges absolutely (and hence converges) for all rea values of x
c) The series converges absolutely (and hence converges) for all x in some finite open interval (-R, R) and diverge if x<-R or
x>R. At either of the values Xx=R or x=-R, the series may converge absolutely, converge conditionally or diverge, depending on

the particular series.

This theorem states that the convergence set for a power seriesin x is always asinterval centered at x=0 (possibly just the value
x=0itself or possibly infinite). For thisreason, the convergence set of a power seriesin x is called the interval of convergence. In
the case where the convergence set is the single value x=0 we say that the series has radius of convergence 0, in the case where the
convergence set is (-?, +7?) we say that the series has radius of convergence +? and in the case where the convergence set extends
between —R and R we say that the series has radius of convergence R.

Diverges Diverges [Radius of convergence R=0]
0
Converges [Radius of convergence R=+0co]
0
Diverges Converges Diverges [Radius of convergence R]
0

The usual procedure for finding the interval of convergence of a power seriesisto apply the ratio test for absolute convergence.

The following example illustrates how this works.
Example: Find the interval of convergence and radius of convergence of the following power series K and 2xK/k!

Soll(uti on:
X
We apply theratio test for absolute convergence. We have

p =lim |[ukt=lim |[xk+1|=lim |x|=|x]|
k—oo' uk ! k—oof xk k—oo

So the series converges absolutely if ? = |x| <1 and divergesif ?=[x|>1. Thetestisinconclusiveif [x|=1 (x=1 or x=-1), which
means that we will have to investigate convergence at these values separately. At these values the series becomes

?1k =1+ 1+ 1+ 1+ 1+, [x=1]

?(-1)k =1-1+1-1+1-1+........ [x=-1]
Both of which diverge, thus, the interval of convergence for the given power seriesis (-1, 1) and the radius of convergenceis R=1.

K1
Applying the ratio test for absolute convergence, we obtain



p=lim |ukti|= lim xk+l kl|= lim }i =0
k—ooluk | k—co |[(k+1)! xk| k—oo [k+1
Power Seriesin x-x0
?ck(x-xo)k = co+cl(x-xo)+cz(x-xo)2+. .. ..+ck(x-xo)k+ ...... is called a power seriesin X-xo.

For a power series ?ck(x-x0) , exactly one of the following statementsis true:

a) The series converges only for x=x0.

b) The series converges absolutely and hence converges for all real values of x.

¢) The series converges and hence converges for all x in some finite open interval (Xg-R, Xg+R) and divergesis x<xg-R or x>xg
+R. At either of the values x=xg-R or x=xg+R, the series may converge absolutely, converge conditionally or diverge depending
on the particular series.

It follows from the above statements that the set of values for which a power seriesin x-xg convergesis always an interval
centered at x=xg; we call thisthe interval of convergence. In part (a) the interval of convergence reduces to the single value x=xg
in which case we say that the series has radius of convergence R=0; in part (b) the interval of convergence isinfinite, in which
case we say that the series has radius of convergence R=+7?; and in part (c) the interval extends between xg-R and xg+R, in which
case we say that the series has radius of convergence R.

Now try it yourself! Should you still need any help, click here to schedule live online session with e Tutor!
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