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AVERAGE VALUE OF A FUNCTION
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If ‘f’ is continuous on [a, b], then the average value (mean value) of ‘f’ on

[a, b] isdefined to be

fave =124 f(x)dx
b-a

Proof: Arithmetic mean or average is formed by adding the data and dividing by the number of data points. Thus, the arithmetic
averageaof nnumbersag, a2, ........ ,anis

a =astataston.... +a, = Za

i n

In the case where the ak’ s are values of afunction f, say.
a1=f(x1), az=f(x2)... an = f(xn), then the arithmetic average a of these function valuesis

a = Zf(xy)

n
Now we can see how to extend this concept so that we can compute not only the arithmetic average of finitely many function

values but an average of all values of f(x) as x varies over aclosed interval [a, b]. For this purpose recall the Mean-Value Theorem
for Integrals, which states that if f is continuous on the interval [a, b], then there is at least one number x* in thisinterval such that

22K (x)dx = F(x*)(b-a)
f(x*) =1 ?a f(X)dx
b-a

Thiswill be the average value of ‘f’ over theinterval [a, b]. Dividetheinterval [a, b] into n sub intervals of equal length

X =b-a
n
Choose arbitrary numbers x1*, xo*, ............ , Xp* in successive sub-intervals. Then the arithmetic average of the values f(x1*),
f(xo*) ........ f(xp*) is
ave = fx ) +H0*)+ . +f(x,*)
n
From (1), ave = 1 [f(X1*) X+ (x2*)?X+.......... +f(Xn*)?X]
b-a

Taking the limit as n— +?yields
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lim 19 (x*)2x = 122 F(x)dx
n—+? b-a b-a

Since this equation %escri bes what happens when we compute the average of “more and more” values of f(x), we get the result,
fave =1 ?a f(x)dx
b-a

Example: Find the average value of the function f(x)=?x over theinterval [1, 4]

Solution: fave=1 ?ab f(x)dx
b-a
4
=171 Xdx
41

= [2x¥2]

9
9

=14/9
?1.6

Mean Value Theorem for Integrals

If ‘f* is continuous on a closed interval [a, b] then thereis at least one number x* in [a, b] such that
b
a? f(x)dx = f(x*)(b-a)

Proof: By the Extreme-Vaue Theorem, f assumes a maximum value M and aminimum value mon [a, b]. Thusfor al x in[a, b]

2 mdx 2 22 F(x)dx 2 &2 Mdx
m(o-a) 222" f(x)dx 2M(b-a)
m 21 a? f(x) 2M
b-a

Thisimpliesthat 1/(b-a) a’)’f(x)dx isanumber between m and M and since f(x) assumes the valuesm and M on [a, b] if follows
from the Intermediate Value Theorem that f(x) must assume the value 1/(b-a)a’.5’ f(x)dx at some x* in[a, b]; that is,

1U(0-a) 22° f(x)lx = f(x*)
() dx = F(*)(b-a)

Fundamental Theorem of Calculus

If ‘f* is continuous on an interval |, then ‘f' has an anti derivative on |. In particular, if aisany number in I, then the function F
defined by
F(x) = a7 f(D)dt

Isan anti derivative of f on I; that isF (x) =f(x) for each x in |, or in an aternative notation.
d[a?" f(t)dt] = f(x)
dx

Example: Find d/dx [ 1?Xt3dt] by applying second part of Fundamental Theorem of Calculus and then confirm the result by
performing the integration and then differentiating.
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Solution: 'Iéhe integrand is continuous function so
d[ 17t = x
dx

Evaluating the integral and then differentiating yields
JHEdt= [B4]f=x4 -1

d F4—l]=xf
dx\4 Z

Hence the two methods for differentiating the integral agree.

4 4

Two methods for making substitutionsin definite integrals

Indefinite integrals of the form 2f[g(x)]g’ (X)dx can sometimes be evaluated by making the u-substitution
Take u= g(x), du=g’ (x) dx which converts the integral to the form 2f(u)du

To apply this method to a definite integral of the form a?bf[g(x)]g’ (x)dx we need to account for the effect that the substitution has
on the x-limits of integration. There are two ways of doing this.

Method 1: First %val uate the indefinite integral 2[g(x)]g’ (x)dx by substitution and then the relationship a?bf[g(x)]g’ (X)dx =
[f[o(X)]g’ (X)dX]a" to evaluate the definite integral. This procedure does not require any modification of x-limits of integration.

Method 2: Make the substitution given above directly in the definite integral, and then use the relationship u=g(x) to replace the x-
limits, x=a and x=b by corresponding u-limits, u=g(a) and u=g(b). This produces a new definite integral

g(a)?g(b) f(u)du that is expressed entirely in terms of u.
. 92 2 .3
Example: Use the two methods to evaluate 0?7 x(x +1) dx
Solution:

First Method: u=x2+1, du = 2xdx
2 .3 3 4 2 .4
(X +%) d>é=1/z?u gu=u /523+c=(x +1) /8 +C
0?7 X(X +1) dx =[(x +1)/8]o
=625/8 -1/8
=78

Second Method: Put u=x2+1 du=2xdx
When x=0, u=0+1 =1
X=2,u=4+1=5
07X+ o = v 1770 du = [urg) 1
= 625/8 - 1/8
=78

Now try it yourself! Should you still need any help,click here to schedule live online session with e Tutor!
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eAgeTutor.com is the premium online tutoring provider. Using materials developed by highly qualified educators and leading
content devel opers, ateam of top-notch software experts, and a group of passionate educators, eAgeTutor works to ensure the
success and satisfaction of all of its students.

Contact ustoday to learn more about our tutoring programs and discuss how we can help make the dreams of the student in your
life come true!
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