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Riemann Sum Approximation

The definiteintegral of a continuous function ‘f’ over aninterval [a, b] is computed as a?b f(x)dx = lim 2f(xk*)?x, where the sum
that appears on the right side is called Riemann sum. In thisformula, the interval [a, b] is divided into n subintervals of width ?x =
(b-a)/n, and xi* denotes an arbitrary point in the kKt sub-interval It follows that as n increases the Riemann sum will eventualy be

agood approximation to the integral, which we denote by writing
a% fx)dx ? 2 (xic* ) 2 . X
a? f)adx ?2X[f(x1 ) +f(x2 ) +....... +f(Xn )]
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Here we denote the values of ‘' at the endpoints of the subintervals by
yo=f(@), y1=f(x1), yo=f(x2), ......... » Yn-1=f(Xn-1), Yn=f(b) and we will denote the values of f at the midpoints of the subintervals

by Ym1, Ym2, - .- Ymn

Trapezoidal Approximation

The left-hand and right hand endpoint approximations are rarely used in applications; however, if we take the average of the left-
hand and rigrt;t hand endpoint approximations, we obtain aresult, called the trapezoidal approximation, which is commonly used as,
a? f(x)?x ? (b-a)/2n[yo+ 2y1+ .....+ 2yn-1+ yn|
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represents the area under f(x) over [a, b]. Geometrically, the trapezoidal approximation formula results if we approximate this
area by the sum of the trapezoidal areas as shown in the figure

L eft end poLnt Approximation: The formulafor evaluating left end point approximation is given by
a? f(x)dx= (b-a)/n[yo+y1+........... +yn-1]

a?b f(x)dx = (b-a)/n[y1+y2+ ............. +yn]
Mid-Point Approximation: The formulafor evaluating midpoint approximation is given by
a? f(x)dx = (b-a)/n[ym1+ym2+ ....... 5 .+ymn] wherem1, m2....... mn represents the mid values.
Example: Use Trapezoidal rule to approximate 0? sinx dx using n=10 sub intervals
Solution: a=0, b=?n=10 and f(x)=sinx, (b-a)/n =10

i 0 1 2 3 e 10
X 0 n/10 2n/10 3n/10 s 10n/10
yi sin(0) sin(n/10)sin(2n/10) sin(3n/10) . sin(10n/10)
07 SINX dX = (220)[y0 + 2y1+ 2Y2+ coveveonn, +2yn-1+ yri
=(?/20) [ sin(0) + 2sin(?/10) + 2sin(2?2/10) + ........ sin(107/10)
=1.983523538

Comparison of the Midpoint and Trapezoidal Approximations

The table below shows the comparison between midpoint and trapezoidal approximations for the function In 2 :1?2(1/x)dx with
n=10 subdivisions

Midpoint Approximation

i Midpoint (m;) ymi = flm)=1/m;
1 1.05 0.952380952
2 1.15 0.869565217
3 1.25 0.800000000
4 1.35 0.740740741
) 1.45 0.6896551/2
6 1.55 0.645161290
7 1.65 0.606060606
8 1.75 0.571428571
) 1.85 0.540540541
10 1.95 0.512820513
6.928353603

172 (Ux)dx = (0.1)(6.928353603) = 0.692835360

Trapezoidal Approximation



[ Endpoint(x;) yvi=f(xi)=1/x%; Multiplier (w;) WiVi
0 1.0 1.000000000 1 1.000000000
1 1.1 0.909090909 2 1.818181818
2 1.2 0.833333333 2 1.666666667
3 1.3 0.769230769 2 1.538461538
4 1.4 0.714285714 2 1.42857142%9
5 1.5 0.666666667 2 1.333333333
6 1.6 0.625000000 2 1.250000000
7 1.7 0.588235294 2 1.176470588
8 1.8 0.555555556 2 1.11311311311
9 1.9 0.526315789 2 1.052631579
10 2.0 0.500000000 1 0.500000000

13.875428063

172 (1/x)dx = (0.05)(13.875428063) = 0.693771403

The value of In 2 isrounded to nine decimal places and we have seen that midpoint approximation produces a more accurate result
than the trapezoidal approximation. Hence we can conclude that,

If f be acontinuous on [a, b] and let |[Ep| and |ET| be the absolute errors that result from the midpoint and trapezoidal
approximations of a? f(x)dx using n subintervals.

a) If thegraph of f iseither concave up or concave down on (a, b), then |Ep [<|ET|, which means that the error from the midpoint

approximation is less than from the trapezoidal approximati OtI;L
b) If thegraph of ‘f’ is concave down on (a, b) then Tn <a?” f(x)dx < Mn
c) If thegraph of ‘f’ isconcave up on (a,b), then Mn < a? f(x)dx <Tn

Simpson’s Rule

Simpson’'s Rule is given by
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52|'| =1 (zMn + Tn)
3

ZE[EJ_a [Yot+4yi+2ya+4ys+2ya + .2V n2+4Y2n-1+Y2n]
3

2n
Where M, = [b-a [2y1 + 2yz + ... #2Y 2041 ]
[ 2J
T, = ;a_ [vo + 2y2 + 2ys + ... . +2¥an-2 + Yon]
rjzn]

Also 5[0 f(x)dx = Sap
We denote the absolute errorin this approximation by

I8 f(x)dx - Sz, |

|Es| =
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